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ABSTRACT: The first application of a two-dimensional finite element river morphology model based on
the vertically-averaged and moment of momentum (VAM) equations is presented in this paper. By solving two
additional equations of moment of momentum and assuming a linear vertical velocity profile, the VAM model
is able to compute not only the depth-averaged velocity, but also both surface and near-bed velocities, capturing
the main features of the secondary circulation in bends. The morphodynamic model was applied to compute the
bed deformations along a 140◦ curved alluvial flume. A secondary flow correction was not necessary since the
model assumed that bed shear stress followed the direction of the computed near-bed velocity. The agreement
between the computed and measured bed profiles was reasonably good.

1
1.1

INTRODUCTION
Flow in bends

Natural rivers are seldom straight along reaches longer
than a few channel widths. The main difference
between flow in straight and curved channels is the
presence of a centrifugal force in the latter. The centrifugal forces along river bends induce a secondary
flow in the transversal direction to the primary longitudinal flow; an effect also referred as helical or spiral
motion. This secondary flow causes redistribution of
velocities, boundary shear stresses and sediment transport along the bends, shaping the morphology of
alluvial curved channels (Blanckaert & Vriend 2003).
The helical motion has a three dimensional (3D)
flow structure that affects not only the transversal distribution of horizontal velocity, but also its vertical
profile (Vriend 1981, Johannesson & Parker 1989b).
An important effect of the secondary flow is on both
the magnitude and direction of the bed shear stress.
Along bends, the bed shear stress deviates from the
main longitudinal direction of the primary flow, pointing towards the inner bank of the bend. At the same
time, the magnitude of the bed shear stress is amplified
compared to its value along straight channels (Vriend
1981, Blanckaert & Vriend 2003).
The 3D structure of the helical motion can be
resolved numerically via a full 3D flow model.
Although 3D models are presently available, they
are computationally too expensive for most practical

river morphology applications. For that reason, twodimensional depth-averaged or vertically-averaged
(VA) models still dominate this application field. However, VA models have a serious drawback: the vertical
structure of the flow velocity is lost in the depthaveraging process. Therefore, VA models intended for
river morphology must rely in the so-called secondary
flow corrections in an attempt to take into account the
effects of the helical motion on the direction of the bed
shear stress, and hence on sediment transport.
Traditional secondary flow corrections have several limitations: They assume fully developed bend
flow; neglect the feedback between the primary and
secondary flows; require information about the radius
of curvature of the streamlines; and need to account
for the inertial adaptation of the secondary flow. These
simple models can estimate the deviation in the direction of the bed shear stress, but not the amplification
of its magnitude. They have been successfully applied
in many cases (e.g. Struiksma et al. 1985, Struiksma
1989, Nagata et al. 2000, Kassem & Chaudhry 2002,
Darby et al. 2002), but seem to be limited to small or
moderate curvatures, when the secondary flow effect
is not very strong (Blanckaert & Vriend 2003).
Recently, Blanckaert & Vriend (2003) and
Blanckaert & Graf (2004) have introduced a nonlinear
secondary flow correction for VA models, applicable
even for strong curvatures, that incorporates the secondary flow effects on both magnitude and direction
of the bed shear stresses. This nonlinear model seems
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promising, but it has not been tested on movable beds
yet. Furthermore, at the moment it is limited to the
centerline of circular bends and requires and additional semi-heuristic model for the inertial adaptation
of the flow.
An alternative approach to recover some of the
information of the vertical structure of the flow is the
application of the conservation of moment of momentum (Ascanio & Kennedy 1983, Yeh & Kennedy
1993a, Yeh & Kennedy 1993b, Steffler & Jin 1993,
Jin & Steffler 1993, Ghamry 1999, Ghamry & Steffler 2002, Ghamry & Steffler 2005). Jin and Steffler
(1993) introduced a VA model with two extra moment
of momentum equations to allow the calculation of the
effect of secondary flow on the depth-averaged velocity field. Ghamry (1999) developed the 2D verticallyaveraged and moment (VAM) model by adding extra
equations for the conservation of moment of momentum. This VAM model can be seen as a quasi-3D model
because it can approximate, at the simplest level, some
of the main 3D features of the helical motion.
Recently, Ghamry & Steffler (2005) demonstrated
that a VAM model can predict the lateral redistribution of velocity in curved channels and the vertical
velocity profile, significantly better than the conventional VA model. They recommended using the
VAM for modeling strongly curved open channels.
To this moment, all previous applications of the VAM
model in curved channels have been restricted to fixed
flat beds without sediment transport. The capabilities
of the model for morphodynamic simulations with
varying bed topography have not been tested before.
1.2

Objective

The main objective of this paper is to verify if the VAM
model can be applied to simulate the morphological
bed evolution in curved alluvial channels without an
external secondary flow correction. The model was
tested using flume data from a well known experiment
in a curved alluvial channel (Struiksma et al. 1985).
The results showed that the VAM implicitly accounted
for the effects of the secondary circulation and was
able to successfully predict the observed equilibrium
bed profile.
2 THE NUMERICAL MODEL
2.1 VAM hydrodynamic model
The VAM hydrodynamic model is derived by vertically
averaging or integrating the 3D Reynolds equations
after multiplying them by the vertical coordinate.
Ghamry (1999) developed a general 2D model of 10
equations that can assume linear or quadratic vertical distribution shapes for the velocity components
in the 3 spatial coordinates plus nonhydrostatic pressure distribution. The derived equations represent a

Figure 1. Linear vertical distributions of velocity assumed
by VAM model over the water depth h: u(z) in the x-direction
and v(z) in the y-direction.

quasi-3D model with more vertical detail than
conventional Saint Venant VA 3-equation formulation
(one continuity and two momentum equations). The
general VAM model can be solved for 3, 5, 8, 9 or
10 equations depending on the desired level of vertical detail (Ghamry 1999, Ghamry and Steffler 2002,
Ghamry and Steffler 2005).
Ghamry and Steffler (2002) compared the VAM
10-equation model with the simpler VAM 5-equation
model for flow in curved fixed bed channels and concluded that there is no significant difference between
the two of them. Therefore, the VAM 5-equation
model was adopted for this study. The term “VAM”
in this paper is used exclusively to refer to the VAM
5-equation model.
Adopting the x-y plane in the horizontal and z direction forming the vertical coordinate, the VAM assumes
the linear distribution of velocities u(z) and v(z) shown
in Figure 1.

where zb = bed elevation; h = water depth; u(z) =
velocity in the x-direction, v(z) = velocity in the
y-direction, uo and vo are the depth averaged velocity components, u1 and v1 can be interpreted as the
velocities at the water surface (z = zb + h) in excess of
the means uo and vo respectively. Having applied the
previous distributions, the following equations are left:
The vertically averaged continuity equation:
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The vertically averaged momentum equation in the
x-direction:

Figure 2. Example of (a) surface and (b) near-bed velocity
vectors computed by VAM model along a bend.

The vertically averaged momentum equation in the
y-direction:

The moment of momentum equation in the xdirection:

The moment of momentum equation in the ydirection:

The closed system defines a model for 2D or a quasi
3D flow in open channels. This model solves for the
dependent variables h, qx , qy , u1 , and v1 . This results in
a 5-equation by a 5-unknown (5 × 5) model (the VAM
5-equation model). If u1 , and v1 are forced to zero and
their corresponding equations (6) and (7) are eliminated, then a 3-equation by a 3-unknown (3 × 3) model
is left, equations (3) to (5), which is the traditional
St. Venant or VA model.
The main advantage of the VAM for the simulation
of flow in bends is its ability to simulate the helical
flow motion in the bend. The helical (spiral) motion
in a bend is the result of the presence of a primary
flow and a secondary flow. The primary flow is the
main flow moving in the downstream direction driven
mostly by gravity. The secondary flow is a (curvature
induced) transversal circulation in which the surface
water moves towards the outer bank of the bend; while
the near-bed water moves in the opposite inward direction (Figures 2 and 3). The near-bed velocity (and
corresponding bed shear stress) transport bedload sediment in the transversal direction, from the outer bank,
where erosion occurs, towards the inner bank, where
deposition occurs. The deviation of the near-bed velocity and bed shear stress directions, from the direction
of the primary flow (Figure 3), is one of the more
important effects of curvature on sediment transport,
and hence on erosion and deposition along the bend.
2.2 Bedload sub-model

where qx = uo h = flow discharge in x-direction per
unit width; qy = vo h = flow discharge in the ydirection per unit width; zm = mid channel depth;
τ = vertically averaged total turbulent shear stress;
τb = bed shear stress; ρ = water density; and g =
gravitation acceleration.
The above set of equations (3) through (7) is called
the (5-equation) VAM model. The vertically averaged
total turbulent shear and normal stresses appearing in
equations (4)–(7) are approximated according to the
Boussinesq model as detailed by Ghamry and Steffler
(2002).

The sediment transport sub-model solves the sediment
continuity or Exner equation for bed load

zb = bed elevation (Fig. 1); λ = porosity of the bed
material; qsx = qs cos α and qsy = qs sinα are the components of the volumetric rate of bedload transport
per unit width in the x- and y-direction, respectively;
and α = direction angle of bedload transport in the
horizontal x-y plane.
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2.3

Bed slope effect

When the bed is flat, the direction α of bedload transport coincides with the direction δ of the bed shear
stress. However, in sloping beds the gravity force
induces a deviation between α and δ which can be
taken into account by (Struiksma et al. 1985)

where fs = sediment shape factor; ∂zb /∂x and ∂zb /
∂y = bed slopes in the x- and y- directions respectively;
and τ ∗ = dimensionless bed shear stress (Shield’s
parameter)

C = Chézy roughness coefficient; Gs = specific gravity of the sediment; and D50 = median grain diameter.
2.4

2.4.1 VA secondary flow correction
The VA model computes the water depth h and depthaveraged velocities components u and v in the x and
y directions, from where δ can be computed by applying an equation derived for a locally fully developed
curved spiral flow (Rozovskii 1957, Struiksma et al.
1985).

where δs = arctan (Ah/r) = deviation of the bed shear
stress due to the spiral flow effect (see Figure 3); and
r = local radius of curvature of the streamlines. The
parameter A is a function of Von Karman’s constant κ
and roughness (Struiksma et al. 1985).

Assuming steady state (∂u/∂t = 0, ∂v/∂t = 0), the
radius of curvature can be approximated as (Kalkwijk
and Booij 1986).

Secondary flow effect on bed shear stress

Up to this point, equations (8) and (9) are common
to both VA and VAM formulations. The difference
between them arrives in the direction δ of the bed shear
stress.

The radius curvature computed by equation (13)
assumes that the flow field adapts instantaneously
to the changes in curvature (i.e. inertial effects are
neglected), when in fact it lags behind the curvature
changes. The VA flow field reaches equilibrium with
the curvature only in infinitely long bends (Blanckaert & Vriend 2003). The radius curvature given by
(13) needs to be adjusted for the inertial effects using a
semi-heuristic inertial adaptation equation (Rozovskii
1957, Struiksma et al. 1985, Darby 2002).

β = calibration parameter of order 1.
Equations (11) through (14) are referred as a linear
secondary flow correction sub-model. This sub-model
decouples secondary and primary flows along bends (it
neglects the feedback between both flows) and tends
to over-predict the effects of secondary flow, being
suitable only for small or moderate curvatures (low
values of ratio h/r, Blanckaert & Vriend 2003).
2.4.2 VAM bed shear stress
The basic hypothesis in the present study is that
the VAM model can replace the linear VA secondary
flow correction sub-model, equations (11)–(14) by
Figure 3. Secondary flow and deviation of bed shear stress
direction relative to mean flow.
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where kb = calibration parameter of order 1 (Jin and
Steffler 1993).
The assumption behind equation (15) is that the
components τbx and τby of the bed shear stress have the
same direction of the near bed velocity components:
tanδ = (τby /τbx ) = (vb /ub ). The near-bed velocity
components were assumed as ub = (uo − kb u1 ) and
vb = (vo − kb v1 ).
Along straight reaches the depth-averaged velocity components (u, v) computed by a VA model are
identical to the depth-averaged components (uo ,vo )
computed by a VAM model. However, along curved
channels because of velocity redistribution generated
by the secondary circulation (Vriend 1981, Johannesson & Parker 1989b, Blanckaert & Vriend 2003), those
values are not longer identical. Therefore, the magnitude of the depth-averaged bed shear stresses along
bends (equation 10) differs from one model to the
other.
3

EXPERIMENTAL TEST CASE

3.1 Experimental data
One of the 6 experimental runs reported by Struiksma
et al. (1985), called T2 in the original publication,
was selected for numerical simulation. The main
characteristics of this experiment are summarized in
Table 1. The experiment was performed at the Delft
Hydraulics Laboratory (DHL) 140◦ curved flume,
which is a moderately curved channel, as shown by
its low flow curvature h/Rc = 1/120 (Figure 4). The
sediment transport equation adopted for this channel
was the Engelund-Hansen equation (Struiksma et al.
1985, Kassem & Chaudhry 2002).

3.2

downstream outflow section. To avoid sediment flux
across the sidewalls, the direction of sediment transport was set equal to the direction of the mean flow at
the lateral sidewalls: tan α = v/u. The bed elevation of
both the inflow and outflow sections was kept constant
(∂zb /∂t = 0).
To minimize the influence of boundary conditions, the length of the straight reaches upstream
and downstream of the bend was increased to 15 m
(Figure 4).
Table 1. Main parameters of the DHL 140◦ curved flume
(Struiksma et al. 1985).
Parameter

Symbol (units)

Value

Discharge
Flume width
Water depth
Flow velocity
Water surface slope
Chézy coefficient
Median grain diameter
Sediment transport
Shield’s parameter
Bend radius
Width-depth ratio
Depth-radius ratio

Q (m3 /s)
B (m)
h (m)
U (m/s)
S (%)
C (m1/2 /s)
D50 (mm)
qs (m2 /s)
τ* (-)
Rc (m)
B/h (-)
h/Rc (-)

0.061
1.5
0.10
0.41
0.203
28.8
0.45
6.9 × 10−6
0.27
12
15.00
1/120

Numerical model

Several researchers (e.g., Struiksma et al. 1985,
Johannesson & Parker 1989a, Kassem & Chaudhry
2002) have used this experiment for their analytical or numerical models. Most models have been
based on curvilinear coordinates and structured grids.
In contrast, the present model uses an unstructured
Finite Element mesh made of triangular elements in a
Cartesian coordinate system. In the mesh the computational nodes are spaced roughly 0.20 m apart
(Figure 5). In total, the mesh has 3456 nodes and 6051
elements.
The boundary conditions for the hydrodynamic
model were constant discharge in the upstream inflow
section, and constant water surface elevation in the

Figure 4. DHL 140◦ curved flume.

715

Figure 6. Influence of kb on computed bed profiles.

Figure 5. Detail of the unstructured computational mesh.

4

RESULTS

Following the experimental conditions, the simulations started from an initial flat bed and continued
until bed equilibrium was reached (i.e. negligible bed
changes observed, ∂zb /∂t ≈ 0). Porosity was set to
λ = 0.4. A constant shape factor value of fs = 2.0
was adopted as suggested by Kassem and Chaudhry
(2002).
The time step was selected such that the maximum
bed change zb in any given time step is smaller than
5% of the original water depth. That usually prevented
the model from becoming unstable as a consequence
of large changes in the bed elevation during the computations. The value t = 120 s proved successful for
this application.
Some initial tests were performed to assess the
influence of parameter kb (equation 15). Three values
of kb = 0.8, 1.0 and 1.3 were tested. It was found that
both scour and deposition increased with increasing
value of kb , especially the maximum values downstream of the bend entrance. Figure 6 shows the
influence of kb on the computed bed at an intermediate
time step of t = 3 h. The values kb = 1.0 and 1.3 led to
excessive bed changes that made the model unstable
(an equilibrium profile could not be achieved). The
value kb = 0.8 led to good results and was the final
value adopted for the simulations.
Figure 7 shows the comparison between the measured and computed equilibrium bed profiles. The
longitudinal bed profiles shown are located 0.375 m
(0.25B) away from both right and left banks. The final
simulation time was t = 11 h (with kb = 0.8).

Figure 7. Measured and computed bed profiles.

The relative depth in the ordinate of Figures 6 and
7 represents the water depth relative to the initial
depth (0.20 m). Values of relative depth larger than
1 represent scour, while values smaller than 1 represent deposition. Along the bend, scour is observed
in the outer (concave) bank and deposition in the
inner (convex) bank. However, along the straight reach
downstream from the bend exit the scour and deposition pattern switches to the opposite bank because of
the development of decaying alternate bars.
Figure 7 shows that the results of the VAM agree
well with measured data; it correctly predicted the
“overshoot” of the bed profile immediately downstream of the bend entrance (Parker & Johannesson
1989). Also, the alternating bed profiles downstream
of the bend (switching from erosion to deposition
and vice versa) were correctly reproduced. The VAM
model accurately predicted the beginning and end of
the erosion and deposition bed profiles, without any
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noticeable phase “lag”, as would be the case of a VA
model without inertial adaptation (equation 14).
5

DISCUSSION

The computed bed profiles shown in Figure 7 demonstrated that the VAM model is capable of simulating
the bed deformation in alluvial curved channels subject to helical motion without the need of an external
secondary flow correction. The additional information of the near bed velocity provided by solving two
additional moment of momentum equations allows the
VAM model to estimate the direction of the bed shear
stress, which is vital to predict the scour and deposition
patterns along bends.
The results proved that the mean features of the
bed profile along the bends, such as the overshooting
downstream of the bed entrance (Struiksma et al. 1985,
Parker & Johannesson 1989) and the alternate bars
downstream of the bend exit, are correctly simulated
by the VAM model. The model accurately predicted
the locations of areas of intense scour (pool) and
deposition (point bar) along the banks of the curved
channel.
In contrast with conventional VA models with secondary flow corrections, equations (11) through (14),
the VAM model does not require explicit information about the radius of curvature of the streamlines.
The effects of curvature on the direction of bed shear
stresses are implicitly accounted for by computed
velocity field near the bed. This computed flow field
also incorporates the effects of the inertial adaptation
of the secondary flow; no additional equation for this
effect is needed. It can be argued that most of the relevant physics of the curved flow is embedded in the
VAM equations. Only an empirical coefficient kb = 0.8
is needed to correct the near-bed velocity estimate,
probably because of the crude approximation provided
by the pre-assumed linear profiles of vertical velocity.
The momentum transfer between the primary and
secondary flow results in an outward increase of
the primary velocity (Rozovskii 1957, Vriend 1981,
Johannesson and Parker 1989b, Yeh and Kennedy
1993a). The VAM equations contain momentum
convection terms, ∂(hu1 v1 )/∂y in equation (4) and
∂(hu1 v1 )/∂x in equation (5), that represents the
momentum exchange between primary and secondary
flows, responsible for the velocity redistribution
(Ghamry 1999, Ghamry & Steffler 2005).
TheVAM sediment transport model introduced here
is currently limited to bedload only. Although suspended sediment transport has not been tested yet,
it should be expect that the additional information
of the vertical velocity profile provided by the VAM
model should be beneficial to improve the estimates
of suspended sediment concentration in the water
column. Guo and Jin (1999) provide an example of the

application of a type of 1D VAM model for suspended
sediment transport.
The parameter kb had a strong influence on the computed bed profiles. The value kb = 0.8 adopted in this
study led to good results, but it cannot be claimed to
be a universal value. Research is needed to study the
possible relationship between kb and other relevant
variables, such as relative roughness (as performed
by Elgamal 2002 for flow over dunes). Experimental measurements of both direction and magnitude of
bed shear stress along bends would be very beneficial
for that purpose.

6

SUMMARY AND CONCLUSIONS

The 3D information of the vertical structure of the
flow in bends (helical motion), which is lost in conventional 2D vertically-averaged (VA) models due to the
depth-averaging process, can be partially recovered by
assuming a simple linear vertical distribution of horizontal velocity and solving two additional equations
of the moment of momentum. This 2D verticallyaveraged and moment (VAM) model can reproduce the
main effects of the flow in bends in a quasi-3D fashion. The redistribution of bed shear stress magnitude
caused by the momentum transfer between the primary
(streamwise) and secondary (transversal) flows along
the bend (which is ignored by conventional depthaveraged models) is implicitly accounted for by the
model (Ghamry & Steffler 2005). Additionally, the
direction of the bed shear stress can be computed
by the VAM model without relying on any additional
secondary flow correction as needed by conventional
depth-averaged models.
In the present study, the 2D Finite Element VAM
hydrodynamic model developed by Ghamry & Steffler
(2002) was coupled with a bed load sediment transport
sub-model to compute erosion and deposition along an
alluvial bend composed of uniform sediment (sand).
The model led to good agreement with experimental
data; the main features observed in the experimental
bed profiles were accurately reproduced (Figure 7).
It can be concluded that the VAM model is suitable
for morphodynamic applications in curved alluvial
channels.
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